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a b s t r a c t
Golumbic, Monma, and Trotter showed that every tolerance graph for which no vertex
neighborhood is contained in another vertex neighborhood is a bounded tolerance graph.
We strengthen this result by weakening the neighborhood condition. In this way, more
tolerance graphs can be recognized as bounded. Our argument relies on a variation of the
concept of ‘‘assertive vertices’’.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this article we assume that graphs are finite, undirected, connected, and have no loops and no multiple edges. We use
the following notation similar to that used in [1,2].
Let V be a finite set, let I = {Iv ⊂ R : v ∈ V } be a set of closed intervals Iv on the real line, and let T = {tv ∈ R+ ∪ {∞} :
v ∈ V } be a set of positive numbers tv where ∞ is allowed, called tolerances. The pair Γ = (I, T ) is called a tolerance
representation. If tv ≤ |Iv| then the tolerance tv is called bounded. If all tolerances in a tolerance representation are bounded,
then the representation is called bounded. Every tolerance representation Γ generates a graph G(Γ ) with vertex set V and
edge set
E = {(v,w) ∈ V × V : |Iv ∩ Iw| ≥ min{tv, tw}},
where |Iv ∩ Iw| denotes the length of the intersection of Iv and Iw . A graph G is called a tolerance graph if there is a tolerance
representationΓ with G = G(Γ ). In this case, we say that G has a tolerance representationΓ orΓ is a tolerance representation
of G. If G has a bounded tolerance representation Γ , then G is called bounded; otherwise it is called unbounded.
Let Iv be an interval of a tolerance representation, and let tv be its tolerance. By L(v) and R(v)we denote the left and right
endpoints of Iv , respectively. The points L(v)+ tv and R(v)− tv are called the left and right tolerance points of Iv , respectively.
All four points are also called critical points of the tolerance representation (see [2]).
For every graph, we denote by Adj(v) the set of neighbors of vertex v. A vertex u of a tolerance graph G is called assertive
if, for each tolerance representation Γ of G, we have G(Γ ) = G(Γ ′)where Γ ′ is the tolerance representation obtained from
Γ by replacing the tolerance tu bymin{tu, |Iu|}. Otherwise the vertex is called non-assertive. For instance, consider the graph
and its representation in Fig. 1. The vertex 5 is non-assertive with respect to the given tolerance representation and thus,
the graph may be an unbounded tolerance graph. But later we will see (Corollary 5) that there is a representation where all
tolerances (including that of vertex 5) are bounded.
Other recent work on the characterization of bounded tolerance graphs can be found in [3].
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Fig. 1. A tolerance graph and its representation.
2. The property of vertex neighborhoods of tolerance graphs
If a tolerance graph G has only assertive vertices then G is bounded (see [1, Remark 1]). The converse does not hold: the
graph in Fig. 1 has a non-assertive vertex (vertex 5), but is still a bounded tolerance graph as Corollary 5 will show. We
generalize the notion of assertive vertices such that the converse is also true.
Definition 1. A vertex u in a tolerance graph G is called quasi-assertive if, for each tolerance representation Γ of G, there is
a tolerance representation Γ ′ of G such that the tolerance of u in Γ ′ is bounded, and all tolerances that are bounded in Γ
are also bounded in Γ ′. Otherwise u is called non-quasi-assertive.
Note that every assertive vertex is quasi-assertive. However, the converse is not true: vertex 5 of the graph in Fig. 1 is
quasi-assertive (as Theorem 4 will show) but not assertive. The following does not hold if ‘‘quasi-assertive’’ is replaced by
‘‘assertive’’.
Proposition 2. For a tolerance graph G = (V , E), all vertices are quasi-assertive if and only if G is a bounded tolerance graph.
Proof. First assume that all vertices v1, v2, . . . , vn of G are quasi-assertive. Let Γ be an arbitrary tolerance representation
of G. Since v1 is quasi-assertive, Γ can be changed to a representation Γ1 of G in which the interval Iv1 is bounded, and all
vertices with bounded tolerances inΓ have bounded tolerances in Γ1. Next, since v2 is quasi-assertive, Γ1 can be changed to
a representation Γ2 in which the interval Iv2 is bounded, too, and all vertices with bounded tolerances in Γ1 have bounded
tolerances in Γ2. Continuing in this way for the vertices vi, i = 3, . . . , n, we get the representations Γ3, . . . ,Γn. In the last
representation Γn, all tolerances are bounded. Thus, G is bounded.
Conversely, assume that G is a bounded tolerance graph and has a bounded tolerance representation Γ ′. Let u be an
arbitrary vertex. Then for every representation Γ the representation Γ ′ is one in which the tolerance tu of u is bounded
and all vertices with bounded tolerance in Γ have bounded tolerance in Γ ′. Thus, vertex u is quasi-assertive. Since u is an
arbitrary vertex, all vertices of G are quasi-assertive. 
The notion of a quasi-assertive vertex allows us to obtain a variation of a condition on neighborhoods in tolerance graphs
from [1]:
Result 3 ([1, Lemma 2]). Let G = (V , E) be a tolerance graph and let u be a vertex of V . If Adj(u) ⊈ Adj(v) for all v ∈ V \ {u},
then u is assertive.
For quasi-assertive vertices, we get the following result, which is of broader applicability:
Theorem 4. Let G = (V , E) be a tolerance graph and let u be a vertex of V . If we have
Adj(u) ⊈ Adj(v) or |Adj(u)| + 1 ≥ |Adj(v)| (1)
for all v ∈ V \ {u}, then u is quasi-assertive.
Proof. Let Γ be an arbitrary tolerance representation of the graph G. We will modify the intervals Iv and tolerances tv for
v ∈ Vu ∪ {u} ⊆ V \ Adj(u), where Vu is defined later, and arrange them in a staggered way. The modification will keep all
bounded tolerances of Γ bounded and will make the tolerance of u become bounded, too.
If the tolerance of u is bounded, there is nothing to show. Thus, assume that tu = ∞.
If v is a vertex adjacent to u we have |Iu ∩ Iv| ≥ min{tu, tv} = tv ≥ min{|Iu|, tv}. If v is a vertex in V \ {u} such that v is
not adjacent to u and Iu ⊈ Iv then |Iu ∩ Iv| < min{tu, tv} = tv and |Iu ∩ Iv| < |Iu|. Thus, |Iu ∩ Iv| < min{|Iu|, tv}. In both cases,
replacing tu by min{tu, |Iu|} in Γ does not change the adjacency relation between u and v.
It remains to consider the set
Vu := {v ∈ V \ {u} : Iu ⊆ Iv, u not adjacent to v}.
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Suppose that Vu is not empty (otherwise there is nothing to show). If u has a neighborw which is not in Adj(v) for some
v ∈ Vu, that is, (u, w) ∈ E and (v,w) ∉ E, then we get a contradiction: tw = min{tu, tw} ≤ |Iu ∩ Iw| ≤ |Iv ∩ Iw| <
min{tv, tw} ≤ tw. Hence Adj(u) ⊆ Adj(v) for all v ∈ Vu.
Taking (1) into account, there are two kinds of vertices in Vu with respect to the number of their neighbors: we have
either vertices v ∈ Vu that satisfy Adj(u) ( Adj(v) and |Adj(u)| + 1 = |Adj(v)| or vertices v that satisfy Adj(u) = Adj(v).
For the first kind, a vertex v has exactly one neighborw(v) that is not a neighbor of u. Ifw(v) ∉ Vu then we have Iu ⊈ Iw(v)
because of w(v) ∉ Vu, and we have Iw(v) ⊈ Iu. Otherwise, if we had Iw(v) ⊆ Iu, then Iw(v) would have an unbounded
tolerance since u is not adjacent to w(v). Thus, we would have |Iv ∩ Iw(v)| = |Iw(v)| < tw(v) and |Iv ∩ Iw(v)| ≤ |Iv ∩ Iu| < tv .
But |Iv ∩ Iw(v)| ≥ min{tv, tw(v)} — a contradiction. Hence, the endpoints of Iw(v) and Iu satisfy either case L with L(w(v)) <
L(u) and R(w(v)) < R(u) or case R with L(u) < L(w(v)) and R(u) < R(w(v)). Note that we have L(v) < L(u) in case L and
R(u) < R(v) in case R. Now we partition Vu into
A := {v ∈ Vu : Adj(v) = Adj(u)},
B := {v ∈ Vu : Adj(v) = Adj(u) ∪ {w(v)}, w(v) ∈ Vu},
C := {v ∈ Vu : Adj(v) = Adj(u) ∪ {w(v)}, w(v) ∉ Vu, L(w(v)) < L(u)},
D := {v ∈ Vu : Adj(v) = Adj(u) ∪ {w(v)}, w(v) ∉ Vu, L(u) < L(w(v))}.
Let a, b, c, d denote the cardinality of A, B, C,D respectively, and s the cardinality of the whole set Vu. Note that, for
v ∈ B, the vertex w(v) is contained in Vu. Thus, we have Adj(u) ⊆ Adj(w(v)). Since w(v) is a neighbor of v we have
Adj(w(v)) = Adj(u) ∪ {v}, that isw(v) ∈ B. Hence b is even.
Let A = {v1, . . . , va} be ordered arbitrarily. Note that two vertices x, y ∈ Vu are adjacent if and only if x, y ∈ B. As the last
paragraph shows, a vertex x ∈ B is adjacent to exactly one other vertex y ∈ B. Hence, let B = {va+1, . . . , va+b} be ordered
such that adjacent vertices are consecutive. Let C = {va+b+1, . . . , va+b+c} be ordered ascending to the left interval endpoint,
that is, for vp, vq ∈ C we have vp ≤ vq if and only if L(vp) ≤ L(vq). And let D = {va+b+c+1, . . . , vs} be ordered ascending to
the right interval endpoint, that is, for vp, vq ∈ Dwe have vp ≤ vq if and only if R(vp) ≤ R(vq).
Next, we define a modified representation Γ ′ where (Iv, tv) is replaced by (I ′v, t ′v) for all vertices v ∈ Vu ∪ {u}. By L′(v)
and R′(v)we denote the left and right endpoints of I ′v , respectively.We define that L′(v) := L(v) for v ∈ C , and R′(v) := R(v)
for v ∈ D. Let ϵ be the smallest non-zero difference between any two critical points of Γ . The remaining interval endpoints
must satisfy the following relations:
L(u)− ϵ
2
< L′(v1) < L′(v2) < · · · < L′(va) < L′(va+1) = L′(va+2),
L′(va+2) < L′(va+3) = L′(va+4) < · · · < L′(va+b−1) = L′(va+b) < L′(u),
L′(u) < L′(va+b+c+1) < L′(va+b+c+2) < · · · < L′(vs) = L(u),
and
R(u) = R′(va+b+1) < R′(va+b+2) < · · · < R′(va+b+c) < R′(v1),
R′(v1) < R′(v2) < · · · < R′(va) < R′(va+1) = R′(va+2) < R′(va+3),
R′(va+3) = R′(va+4) < · · · < R′(va+b−1) = R′(va+b) < R′(u) < R(u)+ ϵ2 .
We define the following tolerances:
t ′v :=
∞ if v ∈ C ∪ D and tv = ∞,
min{tv, |I ′v|} otherwise.
As shown, there is no need to modify intervals and tolerances for vertices not contained in Vu ∪ {u}. Fig. 2 visualizes the
modified part of the tolerance representation.
We show that the modified representation Γ ′ still generates G. In other words, we prove that |I ′v ∩ I ′w| < min{t ′v, t ′w} if
and only if |Iv ∩ Iw| < min{tv, tw} for all v ∈ Vu ∪ {u} and for all w ∈ V , w ≠ v. Remember that (I ′w, t ′w) = (Iw, tw) for
w ∉ Vu ∪ {u}. First consider a vertex v ∈ Vu and a neighborw such that:
• w ∈ Adj(u): The adjacency between v andw in G(Γ ) remains the same in G(Γ ′) because we have |I ′v ∩ Iw| ≥ |Iu ∩ Iw| ≥
min{tu, tw} = tw ≥ min{t ′v, tw}.
• w ∉ Vu ∪ Adj(u): In this case we have v ∈ C ∪ D. The adjacency of v and w is reflected in Γ ′: the interval Iw lies
either strictly on the left side of R(u) (if v ∈ C) or strictly on the right side of L(u) (if v ∈ D), and in both cases we have
I ′v ∩ Iw = Iv ∩ Iw . Thus, |I ′v ∩ Iw| = |Iv ∩ Iw| ≥ min{tv, tw} ≥ min{t ′v, tw}.
• w ∈ Vu: We have v ∈ B and I ′v = I ′w since v is a neighbor ofw. Thus, |I ′v ∩ I ′w| = |I ′v| ≥ min{t ′v, t ′w}.
Second, consider a vertex v ∈ Vu ∪ {u} and a vertexw ≠ v that is not a neighbor of v such that:
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Fig. 2. Modified intervals and interval Iu .
Fig. 3. Bounded tolerance graph with representation.
• w ∈ Vu∪{u}: Let δ denote max{L(u)− L′(v) : v ∈ A∪B∪{u}}∪{R′(u)−R(u)}. Then we have δ < ϵ2 and L(v)− δ ≤ L′(v)
and R′(v) ≤ R(v)+ δ, and also L(w)− δ ≤ L′(w) and R′(w) ≤ R(w)+ δ. Hence
|I ′v ∩ I ′w| = min{R′(v), R′(w)} −max{L′(v), L′(w)}
≤ min{R(v)+ δ, R(w)+ δ} −max{L(v)− δ, L(w)− δ}
= |Iv ∩ Iw| + 2δ < min{tv, tw}.
Furthermore, I ′v ⊈ I ′w and I ′w ⊈ I ′v because v is not a neighbor ofw. Hence, |I ′v ∩ I ′w| < |I ′v| and |I ′v ∩ I ′w| < |I ′w|. Altogether
we have |I ′v ∩ I ′w| < min{t ′v, t ′w}.• w ∉ Vu ∪ {u}: The interval of v is enlarged by at most δ where 0 ≤ δ < ϵ2 and the interval of w is not modified. Hence,|I ′v ∩ Iw| ≤ |Iv ∩ Iw|+ δ < min{tv, tw}. Furthermore, |I ′v ∩ Iw| ≤ |I ′v|. If we had |I ′v ∩ Iw| = |I ′v|, then wewould have I ′v ⊆ Iw
and because of Iu ⊆ I ′v we would also have Iu ⊆ Iw . Thereforew ∈ Vu — a contradiction. Thus, |I ′v ∩ Iw| < |I ′v|, and finally|I ′v ∩ Iw| < min{t ′v, tw}.
Finally, the correctness of Γ ′ as regards the adjacency relationship between vertex u and each vertexw ∈ Vu has already
been shown and the adjacency relationship between vertex u and each vertexw ∉ Vu does not change since the difference
|I ′u ∩ Iw| − |Iu ∩ Iw| is less than ϵ.
In summary, the modified tolerance representation still has the same tolerance graph, but the tolerance t ′u is bounded
now. 
Combining Proposition 2 and Theorem 4, we obtain the following strengthening of Lemma 3 of [1], that is, we can
recognize more tolerance graphs as bounded:
Corollary 5. Let G = (V , E) be a tolerance graph such that for all u, v ∈ V
Adj(u) ⊈ Adj(v) or |Adj(u)| + 1 ≥ |Adj(v)|.
Then G is a bounded tolerance graph.
Unfortunately, our condition of quasi-assertive vertices in Theorem 4 is not necessary: note that the graph in Fig. 3 is a
bounded tolerance graph. Although for the vertex u the condition is not satisfied, u is quasi-assertive. But the improvement
of using quasi-assertive vertices over assertive vertices is shown for the graph of Fig. 1. Consider the vertices 2 and 5. They
are non-assertive but quasi-assertive by Theorem4. Thus, by Proposition 2 the graph is a bounded tolerance graph. The same
applies to a cycle C4 of length 4 – all vertices are non-assertive but also quasi-assertive.
On the other hand, the condition is best possible with respect to the size of the neighborhood. If |Adj(u)| + 2 ≥ |Adj(v)|
for all v ∈ V \ {u} then the vertex u needs not be quasi-assertive. An example is the graph T2 shown in Fig. 4.
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Fig. 4. Graph T2 .
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